Calculus II - Exam 2

28 March 2018

Problems

1. State the integration by parts formula. Then compute the following integrals

(a) / (a2 + 82) cos(z) dr (b) / sin(2) dz (©) / hiﬁ;)dx

2. (a) Use integration by parts technique, obtain reduction formula for [ cos™(z)dxz where n > 2 is a natural number. In
other words, express [ cos™(z)dz in term of the simpler integral [ cos™ 2(z)dx.

(b) Use your formula in part (a) to compute / cos®(z)dz.
(¢) In class, I mentioned that an alternative way to compute the above integral was to use trigonometric identity. Use
the identity cos(3z) = cos®(x) — 3sin?(z) cos(z) to re-compute the integral in part (b). Compare the answer you get

with what you get in part (b); you will find the identity sin(3z) = 3sin(z) cos?(z) — sin®(z) helpful.

3. Evaluate

(a) /sing(x)cos?’(x)dx (b) /951n(x)cos4(x)dx (c) /2tan(:v)sec3(x)dx

b
4. State the inverse substitution formula: If g : [o, 8] — [a,b] is one-to-one continuous function then / f(z)dx =7 Then
a

evaluate

(a) / J;de (b) / W%dz (©) / 90v/1— whda

5. Using the method of partial fractions, evaluate

r—8 23 —2r+11 / 1
(®) /x2—7m+10dx <b)/ PR ) (w—l)(w2+2x+5)dx




Solution

1. State the integration by parts formula:

[ raa=to~ [ air

(a)
/ (22 + 82) cos(x) dz — / (22 + 82)d(sin(z))
= (2% + 8z) sin(z) — / sin(z)(2z + 8)dx i. b. p. with f = 2 4 8z, ¢ = sin(z)
= (2* 4 8x)sin(z) + 2/ —sin(x))dz — 8/s1n da
= (2 4 8x) sin(z) + 2 / xd(cosz) + 8 cos()

= (2% + 8z) sin(z) + 2 (x cos T — /cos(w)dm) + 8 cos(z) i. b. p. with f =z, g = cos(x)

= (2 4 82) sin(z) 4 22 cos x — 2sin(z) + 8 cos(x)

/Sin_l(x) dx = sin~ ! (z)z — /xd(sin_l(x)) i. b. p. with f =sin"*(z),g ==
>

= sin"*(z) recall that (sin™*(z))’ =

1
T dx
V1— 22

=zsin™!(z) + V1 — 22

V1— 22

To compute the remaining integral, do the substitution v = 1 — 22 so du = —2xdz and so

/w 1 dm:/&
N N
—1/2du
Vu
z—%/uflﬂdu
1ul/?
21/2
= —Vvu

=—v1—22

/ cos™ () dz = / cos™ () cos(x)da
_ / cos™ L (z)d(sin(x))
— cos™ () sin(z) / sin(z)d(cos™ ™ (z)) i b. p.
— cos™ (&) sin(z) — / sin(a)(n — 1) cos™ 2 (x)( sin(z))da
_ cos™ () sin(x) + (n — 1) / sin? () cos™ 2 (x)dx
— cos"(z)sin(z) + (n — 1) / (1 - cos?(z)) cos™2(2)dz
— cos" () sin() + (n — 1) / (cos"2(z) — cos™ ())dz
— cos™ 1 (z) sin(x) + (n — 1) / cos™2(z)dz — (n — 1) / cos™ (&) dar

5]



From the equation

/cos"(m)da? = cos" ! (x)sin(x) 4+ (n — 1) /cosn_z(:n)daz —(n— 1)/cos"(x)da?
we get
n/cos"(m)da: = cos" " !(x)sin(z) 4+ (n — 1) /cos"_Q(x)dx
by adding (n — 1) [ cos™(z)dz to both sides. Dividing both sides by n, we obtain the reduction formula

/cos”(x)dx _ cos™ 1 (z) sin(z) + n-l /cos”’z(z)dx

n n

(b) By the above formula for n = 3, we have
- 1 2
/cosd(x)d:z: =3 cos?(z) sin(z) + 3 /cos(x)dx

2
=3 cos?(z) sin(z) + 3 sin(x)

/sin?’(x) cos® (x)dx = /Sing(a:) cos? (x)d(sin(x))
_ / sin®(2)(1 — sin?(2))d(sin(x))
= /(sing(x) — sin®(z))d(sin(z))

sin?(x) B sin®(z)

4 6

/ 9sin(z) cos (z)dz = —9 / cos* ()d(cos(x))

4. State the inverse substitution formula: If ¢ : [«, 8] — [a,b] is one-to-one continuous function then
[ e~ [ 1t

/ de _ (6tan(6))3 6s
V2 + 36 v/ (6tan())? + 36

[ (6tan(6))?
= / WG sec?(6)do

(a) Substitute z = 6tan(f)

ec?(6)df

=6 [ tan®(0)sec(h)do

/ tan d(sect)
/ sec?

63

d(sect)

=63 (sec — sec( ))
( x/6 3_ (2)2_,_1)
63(1/6358 + 36) 3/2_ém)
_ @I/ a

3

Alternatively, you can do substitution v = x2 + 36.



(b) Substitute z = 3secd so that V22 — 9 = 1/9sec2(f) — 9 = 3 /sec2(f) — 1 = 3tan(f) and so

1
1 1
B 277/ secZ(G)d(9

L 3 tan 0 sec 0db

2
5 | cos (0)do

1

217 (; cos(0) sin(6) + ;9)
514 (cos(0) sin(0) + 0)
VITZS e
(39 + sec ())

54 \ = T 3

5. (a) Note that 22 — 7z + 10 = (z — 2)(x — 5). So we express

T —8 A n B
22—Tr+10 -2 x-5

for suitable A, B. Clearing denominator, we get

x—8=A(x—5)+ Bz —2)

Plugging in = = 5 yields B = —1 and then plugging in z = 2 yields A = 2. Hence,

x—8 2 1
T g = - d
/x2—7x+10x /(m—Z a:—5) ‘

=2In|z —2| —In|z — 5|

by question 2(a)

(b) Since the numerator has higher degree than the denominator, we first do long division

and then express the remaining part as partial fractions

Thus

/

xT

2

933—2x—|—11_ S5 + 17
22— —6 -7 2 —x—6
serl7 32 1
2—2-6 5(x-3) 5x+2)

7

3 —2x + 11 32
——dx = :17+1+5( —

—z—6 x—3)

2

2

5(z 42

) do

2
:—+w+3€ln|z73\fgln|:r+2|



